SELF-INTERSECTIONS ARE EMPIRICALLY GAUSSIAN 
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Abstract. In an orientable surface with boundary, free homotopy classes of curves on 
surfaces are in one to one correspondence with cyclic reduced words in a set of standard 
generators of the fundamental group. The combinatorial length of a class is the number 
of letters of the corresponding word. The self-intersection of a free homotopy class (that 
is, the smallest number of self-crossings of a representative of a class) can be computed 
in terms of the word. For each of the free homotopy classes of length twenty on the 
punctured torus, we compute its self-intersection number and make a histogram of how 
many have self-intersection 0, 1, 2 The histogram is essentially Gaussian. 

By choosing a set of free generators on the fundamental group of the punctured torus 
T, one can establish a one-to-one correspondence between the set of free homotopy classes 
of oriented curves on T and the conjugacy classes of the free group of rank two. The 
combinatorial length of a conjugacy class is the minimal number of letters (generators or 
inverses) required for its description. 
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Figure 1 . The histogram showing the distribution of self- intersection num- 
bers over all hundred and fifty million non-power classes of combinatorial 
length 20 in the punctured torus. The horizontal coordinate shows the 
self-intersection count k; the vertical coordinate shows the number of cyclic 
reduced words for which the self-intersection number is k. 
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The self-intersection of a free homotopy class of curves (that is, the smallest number 
of times in which a representative crosses itself, counted by multiplicity) can be computed 
using the algorithms described in [1] or [IJ. We programmed these algorithms using Java [2] 
and performed this computation for each non-power class of combinatorial length twenty. 
Then we organized the output in the histogram of Figure [T] portraying proportion of classes 
of with each possible self-intersection number. The histogram appears clearly normal. 
Based on these findings there is a sequel to this note [3] that in any orientable surface with 
boundary and negative Euler characteristic, the distribution of self-intersection sampling 
classes by their combinatorial length approaches a Gaussian as the combinatorial length 
goes to infinity. 
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